This study introduces space, transportation, and money into an economic growth model. Growth theory neglects the importance of transportation on economic growth and transportation economics fails to properly explain how changes in transportation conditions (such as technological improvement, infrastructure investment, and oil prices) affect long-term economic growth. By proposing a growth model with transportations, we try to explain effects of transportation on economic growth. Our model describes dynamic interactions among capital accumulation, travel time, housing, residential distribution, amenity, and endogenous time distribution among work, travel, and leisure. The study examines effects of inflation policy, transportation conditions, and other conditions on long-term economic growth and economic geography. The paper demonstrates a way to integrating some important models in the literature in economic growth theory, urban economics, and transportation research so that the significance of transportation systems upon economies can be properly analyzed.
Introduction
This study examines effects of transportation conditions and monetary policy on long-term economic growth. Although there are many models of economic growth, there are only a few formal economic growth models which explicitly introduce transportation conditions into economic growth theory. Nevertheless, it is obvious that changes in transportation conditions such as technological improvement, infrastructure investment and oil price will affect economic growth. Nevertheless, formal economic growth theory fails to explain how economic growth is related to transportation conditions. Another important issue which is seldom studied in the literature of spatial economics is how money affects spatial economic growth. It is well known that relations between economic growth and money have been extensively analyzed in the literature of economic growth since Tobin published his seminar work about growth and money in 1956. Relations between economic growth and transportation systems with money have been seldom examined in the literature of theoretical economics. Money and transportation systems connect almost all aspects of human interactions across space over time. As effects of transportation systems and money can be properly evaluated only over long period of time, a genuine dynamic approach to interactions, for instance, between transportation systems and economic development is required. Theoretical economics lacks a proper analytical framework for discussing these issues. A main reason for the omission of studying interactions of economic growth, money and transportation conditions is that the traditional economic growth lacks a suitable analytical framework.
The objective of this paper is to study monetary growth with economic geography and transport systems. This study is to introduce money into a dynamic model proposed by Zhang [1] . The model by Zhang deals with an interaction among capital accumulation, land, housing, environment, transportation in an isolated linear economy, by synthesizes the main ideas in the Solow growth model in the neoclassical growth theory, the Alonso urban model and the Muth housing model in the urban economics in an alternative framework to the traditional neoclassical growth theory. The main difference between this study and the model by Zhang is that this model introduces money into Zhang's model with the CIA approach. The paper is organized as follows. Section 2 defines the basic model. Section 3 guarantees existence of spatial equilibrium. Section 4 simulates the model with the Cobb-Douglas production function. Section 5 examines effects of change in the inflation policy, CIA parameter and transportation conditions on the spatial equilibrium. Section 6 concludes the study. Appendix A proves the main results in Section 3.
The Model
The model is a combination of the basic features of the four key models, the Solow growth model, the Alonso urban model, the Muth housing model in the neoclassical growth theory and urban economics, and the monetary growth model in the CIA approach. Most "real" aspects of the model are similar to the model proposed by [1] , except that this study introduces money to the spatial economy. The monetary aspects of the model with the CIA approach are examined in a recent book on monetary growth theory by [2] . As far as urban structures are concerned, we follow the standard residential land-use model. The basic features of this model are that an isolated city state is built on a flat featureless plain. All residents in the economy work in the CBD. People travel only between their homes and the CBD. Travel is equally costly in terms of time and money in all directions. An individual may reside at only one location. The only spatial characteristic of any location that directly matters is the distance from the city center. The population is homogenous. The households achieve the same utility level regardless of where they locate. All the markets are perfectly competitive. The system is geographically linear and consists of two parts -the CBD and the residential area. The isolated state consists of a finite strip of land with fixed (territory) length, , extending from the CBD with constant unit width. We assume that all economic activities are concentrated in the CBD. The households occupy the residential area. We assume that the CBD is located at the left-side end of the linear territory. As we will get the same conclusions if we locate the CBD at the center of the linear system, the specified urban configuration will not affect our discussion.
L
The system consists of industrial and housing sectors. The industrial production is the same as that in the one-sector neoclassical growth model. We assume that the industrial product can be either invested or consumed. The housing production is similar to that in the Muth model. Housing is supplied with combination of capital and land. We assume that the total labor force is fully employed by the industrial sector. We select industrial good to serve as numeraire. As we assume that the transportation cost of workers to the CBD is dependent on the travel distance, land rent for housing should be spatially different. Let and N   N t respectively stand for fixed population and the total labor input at time . We assume that industrial production is carried out by combination of capital and labor force in the form of 
The function,  , i f k has the following properties: 1) 
where k  is the depreciation rate of physical capital.
We now describe housing production and behavior of households. We us  to denote distance from the CBD to a point in the residential area. The total labor input, 
Residential housing assets play a dual in the economy. First, residential housing assets are used as a durable consumption good. They are the source of housing services. Residential housing assets are used as a mechanism for the intertemporal transfer of wealth, which generates both rents and capital gains through housing appreciation. It is well known that Muth introduces a commodity "housing" rather than land in describing dwelling conditions. Housing is produced with land and non-land inputs. Households have a derived demand for land, dependent on both preferences for housing and technical characteristics of housing production function. We follow this approach in explaining decision making of dwelling sites of households. The housing industry supplies housing services by combining land and capital. Let us denote housing service received by the household at location
 We specify the housing service production function as follows [4] . The Anas housing production includes the labor input. Further issues related to the durability of real estates and its costly conversion and replacements are also discussed in [4] . See also [5] [6] [7] [8] for introducing more realistic aspects of housing market to the growth model. A recent literature review is referred to [9] . Let and stand for respectively the land rent and housing rent at
 The marginal conditions are given by
According to the definitions of and we have
The total capital stocks employed by the housing sector is equal to the sum of the capital stocks for housing over space at any point of time.
The relationship between   , h k  t and the total capital stocks employed by the housing sector,
Each worker may get income from land ownership, wealth ownership and wages. In order to define incomes, it is necessary to determine land ownership structure. It can be seen that land properties may be distributed in multiple ways under various institutions. There are three often-applied assumptions in the literature of urban economics. They are the absentee landownership, the public ownership, and the equally shared landownership. The absentee landownership assumption means that land is owned by absentee landlords who spend their land incomes outside the economic system. This may also be interpreted as that the government spends the income from land on public goods such as military and households equally benefit from the public goods. If the public goods enter the utility in the following way,
H g is a function of the public goods, g being independent of location and x is the vector of the other factors that affect the utility, the model is mathematically identical to the interpretation just described. In the case of the public ownership, for instance as accepted in [10] , the city government rents the land from the landowners at certain rent and sublets it to households at the market rent, using the net revenue to subsidize city residents equally. The equally shared landownership means that the land is equally shared by the population and the income from the land is equally shared among the population. To simplify the model, we assume the absentee landownership. This means that the income from land rent is spent outside the economic system.
We assume that agents have perfect foresight with respect to all future events and capital markets operate frictionless. The government levies no taxes. Money is introduced by assuming that a central bank distributes at no cost to the population a per capita amount of fiat money   0.
M t 
The government may distribute the money in various ways and there are different mechanisms for the government to issue money. As systematically demonstrated in [2] , it is possible to build the model according to specified characters of the monetary system. The scheme according to which the money stock evolves over time is deterministic and known to all agents. With  being the constant net growth rate of the money stock,
 
M t evolves over time according:
additional units of money per capita into circulation in order to finance all government expenditures via seigniorage. Let   m t stand for the real value of money per capita measured in units of the output good, that is,
The representative household receives units of paper money from the government through a "helicopter drop", also considered to be independent of his money holdings. Consumers make decisions on choice of lot size, consumption level of commodity as well as on how much to save. Let
 and stand for respectively the per capita real money balances and wealth (excluding land) owned by the typical household in at location
The disposable income is given by
where respectively stand for the total available time and the time spent on traveling between the residence and CBD. We should require that the travel time increases in .
It should be remarked that in the literature of transportation research there are many empirical and theoretical studies on interactions between travel behavior and land use patterns [e.g., [11] [12] [13] [14] [15] . The size and shapes of cities are interacting with daily activities. At this stage of the research, we try to make transport systems and land use pattern as simple as possible because of analytical difficulties. Issues related to economic growth, land use patterns and transport choice will be examined in future. The budget constraint is given by
This equation means that the consumption and saving exhaust the consumers' disposable personal income. In this study, we take account of travel costs only in terms of the time spent on travels. We neglect the monetary cost for simplicity of analysis. In reality, even transport mode is an endogenous variable, which implies that like housing, transportation service should enter the utility function. Transportation cost is actually related to income [e.g., [16] [17] [18] .
In his well-known paper, Tobin [19] deals with an isolated economy in which "outside money" (the part of money stock which is issued by the government) competes with real capital in the portfolios of agents within the framework of the Solow growth model. Since then, many models of growth model of monetary economies are built. Clower [20] proposed a model to incorporate the role of money as a medium of exchange through the so-called cash-in-advance (CIA) constraint. The basic idea is to explain the role that money plays in carrying out transactions by introducing transaction technology. The approach holds that goods cannot be exchanged for goods. Stockman [21] developed a growth model through CIA constraints. This study follows the CIA approach in introducing money into growth theory. When deciding about the composition of their portfolios, the household knows in advance that a certain fraction of consumption needs to be financed by payment in cash. Assume that cash has to be held in advance of purchasing goods. We neglect money held for other purposes, such as for production or for investment. According to Stockman, investment should also be taken into account. See [2] for how to take money for different purposes within the framework. The liquidity constraint of the household is formed as
where  and h  are positive parameters. We require h 0 , 1.
    Substituting the liquidity constraint into the budget constraint yields
where we use (7), (8) and

The variable, , y is the "potential" available income for the household at location  as the term,
is the potential wage income. Location choice is closely related to the existence and quality of such physical environmental attributes as open space and noise pollution as well as social environmental quality. We assume that utility level, 
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propensities to use leisure time, to consume goods, to consume housing, and to hold wealth, respectively. We consider that residential densities may have positive or negative agglomeration effects. We specify the amenity,
The function, ( , ) , t
 
implies that the amenity level at location  is related to the residential density at the location. It should be noted that the approach to household behavior is fully explained in [22] . The relations between this approach and the other approaches (such as the Ramsey model, the Solow model, and Keynesian consumption function) are also explained by Zhang. The conditions that households get the same level of utility at any location at each point of time is represented by 
As the state is isolated, the total population is distributed over the whole urban area. The population constraint is given by
The total consumption, is given by
The national real balance is equal to the sum of the real money balances of all the households. That is
The assumption that capital is fully employed is given by
where   K t I the total capital stock of the economy. The total capital stocks employed by the production sectors is equal to the total wealth owned by all the households. That is
We have thus built the dynamic growth model with endogenous spatial distribution of real money balance, wealth, consumption and population, capital accumulation and residential location. We now examine dynamic properties of the system.
The Spatial Equilibrium
This section examines equilibrium of the spatial dynamics. We are only concerned with equilibrium of the dynamic system because it is difficult to find out explicit expressions of the motion of the system. The following lemma shows the determination of an equilibrium point. The lemma also provides the procedure to determine the equilibrium values of all the variables. The procedure is important for simulation.
Lemma 1
The equilibrium value of the capital density, of the industrial sector is determined by
where
For a positive solution the other variables are determined as follows. The rate of interest and wage, and are determined by (1). The average real money per capita, is determined by the following equation
The real money per capita at location  is given by
The equilibrium values of all the other variables are determined by the following procedure:
by (4) . The proof of the lemma is available from the author. As it is difficult to interpret conditions for existence of meaningful equilibrium, we will simulate the model to illustrate the behavior of the model. Before simulation, we examine some properties of the model. By equations (A15) and (A17), we have
where we use (19) . We have
   The housing rent is higher nearer the CBD. 
the work time may either fall or rise in distance. It is observed that as we get closer to the city center, not only the population density but also the capital intensity per square miles increase. Buildings tend to be higher near the center. We now explain this phenomenon. The capital-land ratio, is given by
where we use equations (A14) and (A20). We have the following corollary.
Corollary 1
The capital-land ratio decreases in distance from the CBD.
This result is also explained in the Muth model [23] .
The Spatial Equilibrium by Simulation
We have studied the equilibrium problem with the general form of the production function. As it is difficult to explicitly interpret the analytical results, for illustration we simulate the model. This section examines the spatial equilibrium by specifying the production function in the Cobb-Douglas form
where A is the productivity of the industrial sector. We have 
The population is fixed at units and the urban size is fixed at 1 units. The total productivity is specified with and The propensities to consume goods and consume housing are respectively equal to 0 and which implies that the ratio between the expenditures on goods and housing is The propensity to use leisure is equal to The amenity parameter, means that the total travel time from the CBD to the other end of the system will use per cent of the total available time. The depreciation rate is specified at 5 . 7 We plot Equations (18) and (19) in Figure 1 . For the given parameters, the equations have unique solutions.
Following Lemma 1 with (22) 
The share of the capital employed by the housing sector is lower than the capital stocks employed by the industrial sector. The total labor input, , N is about As the total potential labor input is equal to 10, about per cent of the potential labor is used for lei- (19) solution of (18) m k i sure and travel. Here, the "potential labor input" is the labor input if all workers spend all their available time on working without traveling and enjoying leisure. In this study, we neglect other possible relations between work time and work efficiency. The rate of interest is about 7.9 percent. We now plot the equilibrium values of the location-dependent variables as in Figure 2 . The residential density, consumption of goods, physical wealt per capita and real money per capita decline in distance. Both the housing rent and land rent fall and amenity rises in distance. The consumption of housing and work time rises in distance. As the resident lives further away from the CBD, the leisure time falls.
Changes in the Inflation Policy, CIA Parameter and Transportation
The previous sector shows the equilibrium structure of the economic geography. We now examine effects of change in the inflation policy parameter, ,  on the equilibrium.
Let a variable x  stand for the change rate of the variable x in percentage due to changes in value of a parameter value. Suppose that the government increases its inflation policy, ,  from to We represent the effects in (24) and Figure 3 . As it is well known that in the traditional CIA models the role of money as facilitator of transactions is reflected in the rule that no transactions can take place unless the money needed for the transaction is held for some time in advance. We see that money is not neutral in the long term, as demonstrated in (24) and Figure  3 . We note that although a rise in the growth rate of money reduces the total capital stock and capital stocks employed by the two sectors, the output of goods is increased. As people's income fall, they tend to work longer hours so that the total labor input is increased. From Equations (11), we see that a rise in the growth rate of money implies that the real price of consumption goods and real housing rent are increased. As the prices rise, the demand for goods and housing tend to fall, which would reduce the output levels.
As wage falls and rate of interest rises, people tend to have lower income, which make people to work longer hours. People in all the location have more leisure time. The residential density falls nearer the CBD but increases far away from the CBD. As a consequence of the residential redistribution over space, some people reduce their work hours but some increase their work hours. As a net result, the total labor input is increased. As the inflation rate becomes higher, people at any location reduces their 
We reduce the rate of the cash-in-advance for goods, ,
 from to The changes are respectively represented in (25) and Figure 4 . The capital intensity, output per work time and wage rate are reduced. The total work time and output are increased. The average real money holding and total consumption level are reduced. The total capital stocks and the capital stocks employed by the two sectors are reduced. The model predicts that the total capital stock is reduced, but the total output is increased. From Equations (11), we see that a fall in
 means that the price of goods falls. We also see that the relative propensity to save, ,  falls as  falls. Since the growth mechanism is neoclassical, we see that the fall in the propensity to save tends to reduce capital stocks in the long term. Our model is different from the traditional neoclassical model in that the work time is an endogenous variable. We see that the net result of rises in the total work time and the fall in the capital stocks increases the total output. The holding of real money per capita at any location falls. The leisure time at any location is increased. The residential density rises near the CBD but alls far away from the CBD. The land rent and housing rent are increased. It should be noted that We also show that a fall in the CIA parameter for housing consumption has the same effects on the equilibrium as these of the change in the CIA parameter for consumption of goods. We will not present the simulation results here. 
Improvement in transportation conditions and economic growth affect urban pattern formation and land use patters. As our growth model explicitly takes account of travel time, we can examine issues related to effects of changes in transportation conditions upon the economic structure and spatial formation. First, we examine the spatial equilibrium structure when the travel speed, is changed. Let the parameter, falls from to The effects on the space-independent variables are given in (26). A decrease in
 implies an increase in the travel speed. The variables, and are not affected by changes in the travel speed. From Lemma 1, we see that the capital intensity of the industrial sector is not affected by the travel speed. As the output level of per unit labor input, the rate of interest and the wage rate per unit of labor input are uniquely determined by the capital intensity and technology of the industrial sector, we see that the change in the speed has no effects on these variables. Although these variables are not affected, a household's income from wage and the total output will be affected because these variables are affected by the change in the time distribution. The variables,
and are increased in the same proportion. We provide the simulation results for the space-dependent variables as in Figure 5 . As the travel time at fixed location to the urban center is reduced, the household at that location will increase leisure time and work time. Under the given preference for leisure time, we see that different from the case of technological improvement in the industrial sector, as the travel is sped up, the total work input is increased due to the increase in the total work time. As the total labor input is increased, the output is increased. The increase in the output increases the savings and the capital stocks. We see that as a consequence of the improvement in travel speed, the macroeconomic performance of the economy is improved. Here, we remark that a limitation of our model is that we don't take account of the costs for improving the transportation system. If we take account of the costs (which are paid by tax income either on households or the production sector), the conclusions for the macroeconomic performance may not be always positive. As transportation conditions are improved, the residential density falls near the CBD and rises far away from the CBD. The land rent and rent of housing rise and fall where the residential density falls and rises. The consumption level of goods, capital stock and real money holding per household at any location are increased. The amenity and consumption of housing rise near the CBD and fall far away from the CBD. 
Conclusions
This study proposed a spatial monetary growth model with transportation conditions with the CIA approach. First, we defined the model and found the conditions for existence of equilibrium. We simulated the model. The dynamic model with economic geography has a unique long-run equilibrium point with the specified values of the parameters. We also analyzed effects of the changes in the inflation policy and transportation conditions. As we are mainly concerned with interactions of multiple economic forces, each aspect of the whole system might appear over-simplified. Many limitations of this model become apparent in the light of the sophistication of the literature of growth theory [3, 24] , monetary economics [2] , urban economics [23, 25] , and transportation research. It is important to examine implications of various transportation network structures for economic growth and development. As capital accumulation is endogenous in our model, our study makes it possible to introduce dynamics among infrastructure development, transportation systems, and economic growth, even though resulted models may become analytically less tractable.
Acknowledgements
I am grateful for the constructive comments of the anonymous referee and a grant-in-aid from the Zengin Foundation for Studies on Economics and Finance.
